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Upon the creation of controllable AC electric
drives, especially with high�voltage induction motors,
the problem of reducing expenses for manufacturing
and testing different variants of prototypes is quite top�
ical. Computer simulation is of great help in solving
this problem. In this case, an adequate mathematical
model of induction motor that takes into account all of
the most important properties of the motor plays an
important role in the saturation of magnetic system,
current displacement in rotor coils, and a number of
other properties. So�called “virtual” models of induc�
tion motors can be created based on such a model;
these models, in combination with models of conver�
sion devices, make it possible to perform studies and
tests with accuracy and results no worse than full�scale
experiments.

The model should also make it possible to simulate
the power supply of induction motor coils from differ�
ent converters, including those with a nonsinusoudal
output voltage and the power supply of phase coils
from independent sources.

The best�known mathematical models are based
on the description of processes in the two�dimensional
state space using differential equations in vector form.
In this case, all variables of the induction motor are
represented by vectors that rotate in the cross�section
plane of the motor. This plane is sometimes consid�
ered to be a complex plane, which makes it possible to
reduce calculations by applying complex numbers. In
this case, the sum of instantaneous values of phase
voltages and currents must be equal to zero. The gen�
eralized AC machine or two�phase induction motor is
studied for practical applications. In most cases, this
approach is reasonable and yields good results.

The description of processes in three�dimensional
(with orthogonal axes) state space is also known [1]. In
this case, two axes are in the cross�section plane and
the third axis coincides with the shaft axis. This is

because the coordinates of the vector on the plane that
show some variable, i.e., the projections of the vector
onto the three axes of phases A, B, C electrically shifted
by 120°, are linearly dependent. It is sufficient to
determine two coordinates in order to unambiguously
determine the position of the vector on the plane. In
the general case, to simulate the induction motor, it is
necessary for all three coordinates to be linearly inde�
pendent.

This contradiction is overcome if a three�phase
mathematical model is created that describes the pro�
cesses in all three phases of an induction motor. The
factor that unites all three phases is the resulting mag�
netomotive force created by the currents of stator and
rotor phases and, correspondingly, the main magnetic
flux that passes through the air gap.

This paper considers a mathematical model of an
induction motor based on the description of processes
in the cross�section plane of the motor.

Let arbitrary voltages u1i(t), where the phase index
i = A, B, or C, be applied to the coils of stator phases of
induction motor. These voltages create the currents
i1i(t) in the stator phases. Based on Kirchoff’s second
law, it can be written that

(1)

where r1 is the active resistance, ψ1i = ψ1σi + ψ0i is the
total flux linkage of phases equal to the sum of scatter�
ing flux linkages ψ1σi = l1σi1i and air gap flux linkages
ψ0i connected with the main magnetic flux of induc�
tion motor Φ0 created by combined action of magne�
tomotive force of the rotor and stator phases, and l1σ is
the scattering inductance of stator phase coils.

u1i t( ) r1i1i t( )
dψ1i t( )

dt
��������������,+=
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A similar equation can be written for the rotor
based on Park–Gorev equations as follows:

(2)

where r2 is active resistance, i2i(t) are the currents of
the rotor phases, ψ2i = ψ2σi + ψ0i is the total flux link�
age of phases equal to the sum of scattering flux link�
ages ψ2σi = l2σi2i and flux linkages of the air gap ψ0i, and
l2σ is the scattering inductance of coils of the rotor
phases.

In Eq. (2), all variables and parameters are reduced
to the stator using known relations [2].

The term ψr.elψ2iort in (2) is the rotation electromo�
tive force, which occurs as a result of reducing the
known relations to the stator, which change with the
angular frequency ω2 = ω1 – ωr.el, where ω1 is
the angular frequency of the stator, ωr.el is the electric
angular velocity of the rotor, ψ2iort are the orthogonal
flux linkages of the rotor, i.e., the flux linkages of the
rotor at an angular distance from the axis of the rotor
phase equal to π/2.

The sum of currents of the stator and rotor phases
creates the resulting magnetomotive force f0(t, ϑ),
which is a function of time and the spatial angle on the
electric plane of the motor cross section.

It is known that, at each point N on the air�gap cir�
cle, the values of the first harmonic of the magneto�
motive�force phase, called the “spatial harmonic” are
determined [2] as

(3)

where w1 is the number of turns of the stator coil, kcoil1 ≤ 1
is the coil coefficient that takes into account the reduc�
tion in the magnetomotive force in the case of the coil
in the grooves, Zp is the number of pole pairs, ϑN is the
spatial angle corresponding to the observation point N,
and ϑi is the spatial angle of the axis of ith phase on elec�
tric plane counted from the axis of phase A in the posi�
tive (counterclockwise) direction.

In this case, the angles ϑi are determined as ϑA = 0,
ϑB = 2π/3, ϑC = 4π/3. The currents of phase�magne�
tization circuits are i0i(t) = i1i(t) + i2i(t).

The spatial harmonic phases have the form of sinu�
soidal waves symmetric with respect to the phase axes.
These waves do not change their spatial position; how�
ever, their amplitude changes in time following the
phase currents and changes sign if the current polari�
ties change.

The sum of spatial harmonic phases form a rotating
spatial wave of the resulting magnetomotive force of
the air gap as follows:

u2i t( ) r2i2i t( )
dψ2i t( )

dt
�������������� ωr.elψ2iort t( ),–+=

f01i t ϑ,( )
2w1kcoil1

πZp

����������������i0i t( ) ϑN ϑi–( ),cos=

f0 t ϑ,( ) f01A t ϑ,( ) f01B t ϑ,( ) f01C t ϑ,( ).+ +=

Substituting (3) and the values of the angles ϑi, we
obtain

(4)

where i0ae(t) = i0Ae(t) – [i0B(t) + i0C(t)], i0be(t) =

[i0B(t) + i0C(t)] are the projections of the vector of

equivalent current of the motor magnetization circuit
onto orthogonal axes a and b corresponding to the real
and imaginary axes of the complex plane; in this case,
axis a coincides with axis A.

These projections are equivalent to the currents of
two phases of equivalent two�phase induction motor.
These projections are linearly independent and the
resulting magnetomotive force of the air gap of the
induction motor should be determined from these
projections.

On the motor cross�section plane, the direction of
the vector of equivalent current I0e = i0ae + ji0be coin�
cides with the maximum resulting wave of the magne�
tomotive force and rotates with it at an angular velocity
equal to the angular frequency of the stator currents.

The main magnetic flux Φ0 induces the electromo�
tive force in all stator and rotor coils. The electromo�
tive force is also induced in any other conducting cir�
cuit in which magnetic flux changes. In a motor, these
circuits include magnetic circuits of the stator and
rotor. Since the plates of electric steel that make up the
magnetic circuits have finite thickness and can be
insufficiently isolated from each other, there are cir�
cuits for eddy currents that create energy losses.

Moreover, additional energy losses (i.e., hysteresis
losses) that depend on the remagnetization frequency
and magnetic induction occur due to the remagnetiza�
tion of the stator and rotor plates. These two types of
losses in steel are covered by part of the resulting mag�
netomotive force as follows:

(5)

where fμ is the reactive component of magnetomotive
force that creates the magnetic flux Φ0 and fFe is the
active component which determines losses in steel.

The equivalent current of the magnetization circuit
can be represented in a similar way as follows:

The current defining the power of losses iFee in steel
of two�phase induction motor is determined in terms

f0 t ϑ,( ) f0a t ϑ,( ) f0b t ϑ,( )+
2w1kcoil1

πZp

����������������= =

× i0ae t( ) ϑNcos i0be t( ) ϑNsin+[ ],

1
2
��

3
2

�����

f0 t ϑ,( ) fμ t ϑ,( ) fFe t ϑ,( ),+=

i0e t( ) iμe t( ) iFee t( ).+=
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of electromotive forces of phases induced by the main
magnetic flux and the active resistance rFee,

and 

For the same losses of the three�phase induction

motor, we can write the following: iFei =  = 

where rFe = 3/2rFee. The resistance rFe with small error
can be determined in terms of the power of losses in
steel of the whole motor in the nominal regime PFen as
follows:

(6)

Denoting (as in most sources) the mutual induc�

tance of the stator and rotor coils by lm =  similar

to rFee, we assume that lme =  = ψ0i/iμie. Then, the

equivalent current

Then, substituting the symbol of differentiation p
instead of d/dt, we obtain

where Tμ =  = lme/rFee is the time constant of the

magnetization circuit, iμie = i0ie.

Using the Laplace transform, we find that the flux
linkage of the phase air gap is connected with the
equivalent current of the magnetization circuit by the
transfer function of the inertial section, i.e.,

(7)

If the stator coils in the motor are connected into a
star and there is no connection between the common
point of the coils and the common point of the power�
supply source, the equivalent currents are equal to 3/2 of
phase currents, and formula (7) takes the simpler form

(8)

Formulas (7) and (8) yield the important conclu�
sion that for determination of flux linkage of the air
gap it is not necessary to find the reactive component
of current of the magnetization circuit. Upon simula�
tion of the induction motor it is sufficient to make the

iFeae
u0a

rFee

������
dψ0a

rFeedt
����������= = iFebe

u0b

rFee

������
dψ0b

rFeedt
����������.= =

u0i

rFe

�����
dψ0 i

rFedt
���������,

rFe
3E0ph.n

2

PFen

�������������=
3Uph.n

2

PFen

�����������.≈

ψ0i

iμ i

������,

2
3
�� lm

i0ie
3

2lm

������ψ0i
3

2rFe

��������
dψ0i

dt
��������.+=

ψ0i
2lm

3
������ 1

1 Tμp+
���������������i0ie

2lm

3
������ iμ ie,= =

lm

rFe

�����

1
Tμp 1+
���������������

ψ0i p( )
2lm

3
������

I0ie p( )
1 Tμp+
��������������� .=

ψ0i p( )
lmI0i p( )
1 Tμp+
��������������� .=

current of this circuit flow through the inertial section
with the time constant Tμ.

The wave of reactive component of the magneto�
motive force determines the spatial distribution of
magnetic induction in the air gap. This component
can be determined as follows based on the law of the
total current and neglecting magnetic field strength:

where δ is the radial length of the air gap.
To find the phase flux linkage, it is necessary to find

the average value of magnetic induction on the pole
pitch under the phase coils. Mathematical transfor�
mations yield the following expressions of average
induction for the given time instant:

In this case, the phase flux linkage ψ0i =
w1kcoil1SτBδiav, where Sτ = τl is the pole area and l is the
active length of the stator.

Assuming, according to [2], that lm =  =

 we obtain

(9)

where iμAe = iμae = i1μA – (i1μB + i1μC);

For the sum of phase currents equal to zero, we
obtain the known formula ψ0i = lmiμi.

The magnetic system saturation can be taken into
account by the averaged characteristic of the motor
magnetization. Let us denote the amplitude of the first
harmonic of phase flux linkage of the air gap with
account of saturation by ψ0msat, and the amplitude of
flux linkage in the absence of saturation for the same
magnetization current by ψ0m. Based on data for SC

bδ t ϑ,( )
fμ t ϑ,( )μ0

δ
�������������������

2w1kcoil1μ0

πZpδ
���������������������= =

× iμae t( ) ϑNcos iμbe t( ) ϑNsin+[ ],

BδAav

4w1kcoil1μ0

π2δZp

��������������������� iμae;=

BδBav

4w1kcoil1μ0

π2δZp

��������������������� 1
2
��iμae t( )– 3

2
�����iμbe t( )+ ;=

BδCav

4w1kcoil1μ0

π2δZp

��������������������� 1
2
��iμae t( )– 3

2
�����iμbe t( )– .=

ψ0 i

iμ i

������

6w1
2kcoil1

2 μ0Sτ

π2Zpδ
��������������������������,

ψ0A
2
3
�� lmiμAe; ψ0B

2
3
�� lmiμBe; ψ0C

2
3
�� lmiμCe,= = =

1
2
��

iμBe i1μB
1
2
�� i1μA i1μC+( );–=

iμCe i1μC
1
2
�� i1μB i1μA+( ).–=
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motors [3], we construct the average dependences of
relative flux linkage ψ0msat and the saturation coeffi�

cient Ksat =  on the relative magnetization cur�

rent Iμim* = Iμim/Iμimnom (Fig. 1). In Fig. 1, in the nom�

inal regime for Iμim* = 1 the relative saturation flux

linkage ψ0msat* = ψ0msat/ψ0mnom is also equal to unity.

Since ψ0m* = ψ0m/ψ0mnom = lmIμim/lmIμimnom, the
dependence Ksat = f(Tμim*) is also the dependence
Ksat = f(ψ0m*). Using this dependence for the known
ψ0m*, we find Ksat and ψ0isat = ψ0iKsat.

The total flux linkages of the stator (with account of
scattering flux linkages) for the phases are found by

integrating (1), ψ1i = dt.

The current of the stator phases is determined by
the scattering flux linkage ψ1σi = ψ1i – ψ0isat as i1i =

 The flux linkage of the rotor is determined sim�

ilarly using (2).
Based on this, for the squirrel�cage induction

motor and u2i = 0, we write

(10)

The orthogonal phase flux linkages are determined
according to the following formulas [1]:

(11)

Equations (7)–(11) form the basis for the mathe�
matical model of the squirrel�cage induction motor.
However, in this model, it is necessary to take into
account the current displacement in the rotor coils.
For this purpose, we consider two parameters r2 and l2σ
as separate variables.

In reference materials on motors [4], active and
inductive rotor resistances are usually given at rated
slip (we denote them by r20 and x2σ0 = l2σ0ωs.n), as well
as at slip equal to 1 (we denote them by r2k and x2σk =
l2σkωs.n) and r2k > r20, x2σk < x2σ0. Here, ωs.n is the syn�
chronous nominal angular velocity of the rotor.

If the slip changes from 1 to 0, e.g., in the case of the
direct connection of the motor to the power�supply net�
work, the active resistance decreases and depends in a
complex way on the slip, and the inductive resistance
increases. In this case, the shape and depth of the rotor
slot, the size of cross sections of the rotor coil conductors,
etc. play an important role. In some references, e.g., [3],
it is indicated that, with increasing slip s or, more pre�
cisely, the rotor current frequency or absolute slip

ψ0msat

ψ0m

�����������

u1i r1i1 i–( )
0

t

∫

ψ1σi

l1σ

�������� .

ψ2i r2i2i– ωr.elψ2iort–( ) t.d

0

t

∫=

ψ2Aort

ψ2B ψ2C–

3
�������������������; ψ2Bort

ψ2C ψ2A–

3
�������������������;==

ψ2Cort

ψ2A ψ2B–

3
�������������������.=

β = (ω1 – ω2)/ωs.n, the resistance r2 increases in propor�
tion to the square root of β. However, the comparison
with the reference and experimental data shows that this
is not always valid. In some cases, an inverse (quadratic)
dependence is even observed.

In the general case, the change in the active resis�
tance of the rotor can be approximately represented by
the following dependence:

(12)

where the exponent kr can change from 0.5 to 2, or
even 3.

Similarly, the inductive resistance is

(13)

where kx can be equal to kr or differ from it; in each
particular case, these coefficients should be chosen
according to the mechanical characteristic M = f(β)
for the established operating regime given in the refer�
ence books.

The motor torque can be found using the method
[1] based on Ampere’s law for a force acting on the
conductor with current in a magnetic field and by
applying orthogonal flux linkages. This method yields
the following formula for the induction motor torque
as follows:

(14)

where

r2 r20 r2k r20–( ) β
kr,+=

x2σ x2σ0 x2σ0 x2σk–( ) β
kx,–=

M Zp ψ0Aort t( )i1A t( ) ψ0Bort t( )i1B t( )+[=

+ ψ0Cort t( )i1C t( ) ],

ψ0Aort

ψ0C t( ) ψ0B t( )–

3
������������������������������; ψ0Bort

ψ0A t( ) ψ0C t( )–

3
������������������������������;==

ψ0Cort

ψ0B t( ) ψ0A t( )–

3
������������������������������=

1.6
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0.8

0.4

0
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Ksat

Fig. 1. ψ0msat*, Ksat as functions of Iμm*.
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Fig. 2. Schematic diagram of mathematical model of squirrel�cage induction motor.

are the orthogonal flux linkages of the air gap.

Formula (14) demonstrates that the electromag�
netic torque of the induction motor is determined by
the sum of the products of phase currents and orthog�

onal flux linkages of the air gap. This is a universal for�
mula. In this formula, the phase currents of the stator
can be replaced by rotor currents and rotor flux link�
ages can be used with the sign of orthogonal flux link�

–..
×
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ages changed to the opposite one. This is preferable to
use the rotor flux linkages, especially taking into
account that they are already used in the determina�
tion of the rotation electromotive force. The result is
the same.

The three�phase mathematical model of the induc�
tion motor can be made based on the formulas pre�
sented above. However, it is better to write this model
in terms of relative units [1, 2]. We take the following
as the basic quantities: the amplitudes of nominal
phase voltages and currents, synchronous angular fre�
quency ωb = ωs.n, basic torque Mb = PbZb/ωb, and
basic resistance Rb = Xb = Zb = Ub/Ib. Below, we
denotethe relative parameters with capital letters.

In relative units, the inductance and inductive
resistance have the same value of L = l/Lb =
ωs.nl/ωs.nLb = x/Xb = X.

For the mathematical model (Fig. 2) to operate in
real�time scale, it is necessary to put the amplification
section with the coefficient ωb in front of all integra�
tors. The time constants of inertial sections should be
reduced by the same factor.

In relative units, the number of pole pairs in the
formula for the torque vanishes, but a coefficient of
2/3 appears, i.e., μem = M/Mb = (i2Aψ2Aort + i2Bψ2Bort +
i2Cψ2Cort) × 2/3.

The flux linkages of the air gap for Lmωs.n = Xm are
calculated using the formulas

ψ0A
2
3
��Xm i0A

i0B i0C+
2

���������������–⎝ ⎠
⎛ ⎞ 1

Tμp 1+
���������������,=

ψ0B
2
3
��Xm i0B

i0A i0C+
2

���������������–⎝ ⎠
⎛ ⎞ 1

Tμp 1+
���������������,=

ψ0C
2
3
��Xm i0C

i0A i0B+
2

���������������–⎝ ⎠
⎛ ⎞ 1

Tμp 1+
���������������,=

ψ0m
2
3
�� ψ0A

2 ψ0B
2 ψ0C

2+ +( ).=

Orthogonal flux linkages of the rotor are calculated
using (11).

In the scheme in Fig. 2, a = ω1/ωb is the relative
angular frequency of the stator variables and ν =
ωr.el/ωb is the relative angular velocity of the rotor.

To demonstrate the model performance, Figs. 3
and 4 show the oscillograms obtained in the simula�
tion of the direct actuation of an induction motor of
the 4A180M4U3 type for the static load on the shaft
0.5Ml. At a time instant of 0.4 s, a direct voltage equal
to 0.02Uph.n was input into phase C of the motor. As
expected, this resulted in the constant component in
phase C current equal to the constant component of
the voltage divided by the active resistance of the
phase. Correspondingly, torque pulsations with a fre�
quency of 50 Hz appeared. In other phases, the cur�
rent was unchanged. In this case, the sum of currents
did not vanish.

The data of oscillograms show the efficiency and
adequacy of the presented model of the induction
motor. Thus, the developed three�phase mathematical
model of an induction motor makes it possible to study
different operating regimes, including in the case of a
stator coil powered from independent power�supply
sources.
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